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PARTIALLY DOMINATED SPLITTINGS
LUCIANA SALGADO
Abstract. Let Λ be a nonsingular compact invariant set for a C1 flow Xt,
defined over a compact riemannian manifold M . We want to know when the
existence of a dominated splitting of the tangent bundle TΛM on Λ for the
associated linear Poincare´ flow is equivalent to the existence of a dominated
splitting for the flow. For this, we propose a weak form of domination, called
partially dominated splitting and our main result is that there is a partially
dominated splitting on Λ for Xt if, and only if, the associated linear Poincare´
flow has a dominated splitting.
1. Introduction and statement of results
In order to prove the famous stability conjecture of Palis, many researchers
proposed a several techniques, one of them the so called dominated splittings, as in
[15] and [17]. In this setting, we have a decomposition of the tangent bundle over
an invariant compact set for a diffeomorphism or a flow, into invariant subbundles
which are related by the dynamics from a special form: the angle between the
subbundles is far away from zero, when we iterate them by derivative of the
diffeomorphism or flow (see, for instance, [13]).
Many works are related to the study of the dominated splittings and its connec-
tion with a several numbers of others dynamical phenomena such as homoclinic
tangencies and robust transitivity, singular, sectional and nonuniform sectional
hyperbolicity, among others, becoming relevant to study conditions under which
a decomposition is dominated. see for instance [1, 2, 3, 4, 20, 24, 21, 19, 7, 8, 13].
In particular, this notion is used for the Linear Poincare´ Flow, for instance in [12]
in the case of absence of singularities and [10, 14, 16], in general.
It is very difficult to obtain domination for the flow from its associated linear
Poincare´ flow, even noting that this operator is only defined over regular orbits.
In the singular setting, the authors in [11], have extended this notion and obtained
a dominated splitting for the derivative of the flow over a robustly transitive set
(allowing singularities) from a dominated splitting of the extended linear Poincare´
flow.
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Recall that, for a linear map L : Rn → Rn and a subset F ⊂ Rn \ {0}, we have
(1) ‖L|F‖ = sup
‖v‖=1,v∈F
‖Lv‖,
the norm of L over F and
(2) m(L|F ) = inf
‖v‖=1,v∈F
‖Lv‖,
the minimal norm of L over F . If L is invertible and F is a subspace of Rn, then
equation (2) is equivalent to
(3) m(L|F ) = ‖L
−1|L(F )‖
−1.
A compact invariant set Λ is said to be hyperbolic for a flow Xt if there exists a
continuous invariant splitting of the tangent bundle over Λ, TΛM = E
s⊕EX⊕Eu,
such that Es is uniformly contracted by DXt and E
u is uniformly expanded.
The usual definition of dominated splitting for a flow is established as follow.
1.1. Definition. A dominated splitting over a compact invariant set Λ of X is a
continuous DXt-invariant splitting TΛM = E ⊕ F with Ex 6= {0}, Fx 6= {0} for
every x ∈ Λ and such that there are positive constants K, λ satisfying
‖DXt|Ex‖ · ‖DX−t|FXt(x)‖ < Ke
−λt, for all x ∈ Λ, and all t > 0.(4)
Analogous definition holds for diffeomorphisms.
A compact invariant set Λ is said to be partially hyperbolic if it exhibits a
dominated splitting TΛM = E⊕F such that subbundle E is uniformly contracted,
i.e. there exists C > 0 and λ > 0 such that ‖DXt|Ex‖ ≤ Ce
−λ for t ≥ 0. In this
case F is called the central subbundle of Λ.
Similarly, a compact invariant set Λ is volume hyperbolic if it has a dominated
splitting E ⊕ F such that the volume is uniformly contracted along E and ex-
panded along F by the action of the tangent cocyle. If the whole manifold M is
a volume-hyperbolic set for a flow Xt (or a diffeomorphism), then we say that Xt
is a volume-hyperbolic flow (diffeomorphism).
In what follows, we give the definition of linear Poincare´ flow.
Let Λ be an invariant nonsingular compact set for a C1 flow Xt. Consider the
quotient space by the flow direction of the tangent bundle on Λ, NX = TΛM/〈X〉,
which we may consider equivalent to the normal bundle to 〈X〉.
1.2. Definition. The linear Poincare´ flow on Λ associated to the flow Xt, P
X
t :
NX → NX is defined by
PXt = Π ◦DXt,(5)
where Π : TΛM → N
X is the orthogonal projection on the normal bundle.
A way to see if an invariant compact set Λ without singularities has a hyperbolic
splitting for a flow Xt is verify if there is a hyperbolic splitting on Λ for the
associated linear Poincare´ flow, see [10] and [25].
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1.3. Theorem. A nonsingular set Λ is hyperbolic for a flow Xt if, and only if,
there is a hyperbolic splitting on Λ for the associated linear Poincare´ flow.
It is proved below a similar statement for partial hyperbolicity over non-singular
invariant sets for flows, see Corollary 2.3.
It seems a natural question to ask if similar equivalence holds to dominated
splittings. But, it is not true in general, as shows a counter example suggested
by Pujals in [7]. In this example, is obtained a robustly transitive suspended flow
that has no dominated splitting. It is also known that every C1-robustly transitive
set for a diffeomorphism has a dominated splitting, see [6]. On the other hand,
Vivier in [23], proved that robustly transitive vector fields on a closed manifold of
any dimension, always have a dominated splitting for the linear Poincare´ flow. In
the case of manifold with boundary, Gan, Li and Wen in [11], proved a singular
version of Vivier’s result by generalizing the notion of linear Poincare´ flow and
dominated splitting for singularities.
In fact, in [7, Appendix B] the authors exhibit diffeomorphisms on T4, robustly
transitive, for which the finest dominated splitting E⊕F has neither contracting
nor expanding subbundles (see figure 1): there are periodic orbits with con-
tracting eigendirections contained in F and other periodic orbits with expanding
eigendirections contained in E. Thus, the suspension flow is a robustly transitive
flow which has no dominated splitting. This is because the flow direction is dom-
inated neither by E nor F . Also see [1] for more studies about conditions for an
invariant splitting for a flow to be dominated.
s
q
p
Figure 1. Saddles with real and complex eigenvalues.
So, in order to study the domination properties and the conditions for a split-
ting to be dominated for a C1 flow, what sometimes requires to know if some
subbundle of the decomposition contains the field direction, we propose here the
following definition.
1.4. Definition. Let Λ be a compact invariant set of a C1 flow Xt. A partially
dominated splitting over Λ is a continuous DXt-invariant splitting TΛM = E˜ ⊕
〈X〉⊕ F˜ where E˜x 6= {0}, F˜x 6= {0} and 〈X〉 is the flow direction, for every x ∈ Λ
and such that there are positive constants K, λ satisfying
‖DXt|E˜x‖ · ‖DX−t|F˜Xt(x)
‖ < Ke−λt, for all x ∈ Λ, and all t > 0.(6)
We are interested to study what are the conditions to a partial dominated
splitting to induce a dominated splitting.
4 LUCIANA SALGADO
It is known that, in a hyperbolic decomposition Esx⊕〈X〉⊕E
u
x for a flow without
singularities, both splittings (Esx⊕〈X〉)⊕E
u
x and E
s
x⊕(〈X〉⊕E
u
x) are dominated.
This fact is a consequence of the uniforms expansion and contraction properties
of Eux , E
s
x, respectively. On the other hand, if we have no uniform hyperbolicity or
in the case of existence of hyperbolic singularities accumulated by regular orbits,
to ensure that an invariant splitting is dominated we must know, among other
things, in which subbundle is located the flow direction of the regular orbits.
Our main result is the following.
1.5. Theorem. Let X be a C1-vector field on M and Xt its flow. Let Λ ⊂ M \
Sing(X) be a compact invariant set for Xt. Then, there is a partially dominated
splitting on Λ for the flow if, and only if, the associated Linear Poincare´ Flow
has a dominated splitting on Λ .
This paper is organized as follows: in Section 1, we present main definitions,
main result and an example as a motivation; in Section 2, we give some applica-
tions of the notion of partially dominated splitting and Theorem 1.5; in section
3, we have some complementary definitions and it is given the demonstration of
the main theorem.
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2. Applications
In the sequence, we present some applications.
First, we recall the following result of [1].
Let Λ be a non-singular compact invariant set for the flow Xt of a C
1 vector
field X on M .
2.1. Lemma. Given a continuous invariant splitting E ⊕ F of TΛM over Λ,
such that E is uniformly contracted, then the flow direction is contained in the F
subbundle, for all x ∈ Λ.
Note that the hypothesis about the angle might be changed by continuity of
the splitting.
One of the main features of a dominated splitting E⊕F is that E may not be
contracting and F may not be expanding, but E must be contracting if F is not
expanding and F must be expanding if E is not contracting.
Based on this fact, we have the following.
2.2. Proposition. A sufficient condition for a partially dominated splitting E ⊕
〈X〉⊕F over a compact invariant nonsingular set for a flow to induce a dominated
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one is that the subbundle E (or F ) is either uniformly contracting or uniformly
expanding.
Proof. First, suppose that E is an uniformly contracting subbundle, i.e., there is
K > 0 such that
‖DXt|Ex‖ ≤ Ke
−λt, ∀t > 0, ∀x ∈ Λ.
Then, taking G := 〈X〉⊕F , we must have given u ∈ Ex and v = αX(x)+vF ∈
Gx, v
F ∈ F, α ∈ R,
‖DXt(x)u‖ · ‖DX−t(x)v‖ =
‖DXt(x)u‖ · ‖DX−t(x)αX(x) +DX−t(x)v
F‖
≤ ‖DXt(x)u‖ ·
[
‖αX(X−t(x))‖+ ‖DX−t(x)v
F‖
]
≤ Ke−λt‖αX(X−t(x))‖+ ‖DXt(x)u‖ · ‖DX−t(x)v
F‖
≤ Ce−λt, ∀t > 0, ∀x ∈ Λ.
The last inequality is true, because there exist constants A,B > 0 such that
A ≤ ‖X(X−t(x))‖ ≤ B and we have the domination condition between E and F .
On the other hand, look that, if F is uniformly expanding, by the same argu-
ment applied to the reverse flow, we obtain a similar result. This complete the
proof. 
2.3. Corollary. A compact invariant nonsingular set Λ is partially hyperbolic
for a flow Xt if, and only if, the associated Linear Poincare´ Flow is partially
hyperbolic on Λ.
Proof. First, suppose that the Linear Poincare´ flow Pt has a partial hyperbolic
splitting E˜ ⊕ F˜ on Λ, with E˜ uniformly contracting. In particular, this is a
dominated splitting for Pt. So, by Theorem 1.5, we obtain a partially dominated
splitting E ⊕ 〈X〉 ⊕ F for the flow Xt on Λ. Therefore, by Proposition 2.2 this
splitting induces a dominated one, once E is uniformly contracting and dominates
F . Since Λ has no singularities, the splitting E ⊕ Ec is partially hiperbolic for
Xt, where E
c := 〈X〉 ⊕ F .
Conversely, suppose that E ⊕ F is a partial hyperbolic splitting for Xt on
Λ, with E an uniformly contracting subbundle. Then, by Lemma 2.1, the flow
direction is contained into subbundle F .
By writting F˜ := F \ 〈X〉, we have E⊕F = E⊕〈X〉⊕ F˜ . We affirm that this
is a partially dominated splitting.
Suppose, by contradiction, that the subbundle E does not dominate F˜ . Note
that Λ is compact, has no singularities, E is uniformly contracting and 〈X〉 does
not vanish. Thus, if F˜ contracts sharply than E for DXt, we must have DX−t|F˜
expanding more sharply than DXt|E contracts. Then, taking a non zero vector
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v = vX ⊕ vF˜ , such that 0 6= vX ∈ 〈X〉 and vF˜ ∈ F˜ , we must have for some t0 > 0
1 < ‖DXt0 |E‖ · ‖DX−t0v
F˜‖ ≤ ‖DXt0 |E‖ · ‖DX−t0(v
X + vF˜ )‖ ≤
1
2
.
But, it is a contradiction. So, we are done. 
3. Proof of Theorem 1.5
In this section, we give the demonstration of the Theorem 1.5. Before this, we
give some more definitions which will be useful in the demonstration.
In [21], Newhouse has shown some conditions for dominated and hyperbolic
splittings on compact invariant sets for diffeomorphisms based on induced action
on cones fields and its complement. In what follows, it is used his terminology.
Let E ⊂ Rn be a proper subspace, i.e, 0 < dimE < n. Let F be a comple-
mentary subspace, i.e., Rn = E ⊕ F . The standard unit cone determined by the
subspaces E and F is the set
C1(E, F ) = {u = (u1, u2), u1 ∈ E, u2 ∈ F, |v2| ≤ |v1|}.
A cone C(E), with core E, in Rn is the image of C1(E, F ) by an linear auto-
morphism T : Rn → Rn such that T (E) = E. A cone C in Rn is a set C(E),
where E is a proper subspace.
Let Xt be a C
1 flow generate by a vector field X on M and Λ be a compact
invariant set of X .
A cone field C = {Cx} on Λ is a collection of cones Cx ⊂ TxM , for x ∈ Λ. A
cone field is said to have constant orbit core dimension if dimEx = dimEXt(x) for
all x ∈ Λ, where Ex and EXt(x) are the core of Cx, CXt(x), respectively.
Given a cone field C = {Cx}, x ∈M , let
mC,x = mC,x(X) = inf
u∈Cx\{0}
‖DXt(x)u‖
‖u‖
and
m′C,x = m
′
C,x(X) = inf
u/∈CXt(x)
‖DX−t(Xt(x))u‖
‖u‖
,
be the minimal expansion and the minimal co-expansion of DXt on Cx, respec-
tively.
3.1. Definition. The domination coefficient of DXt on C is
md(C) = md(C,X) = inf
x∈Λ
mC,x ·m
′
C,x.(7)
If C has constant orbit core dimension and md(C) > 1, one say that X is domi-
nating on C over Λ. Moreover, we say that X is strongly dominating on C if C
has constant orbit core dimension and(
inf
x∈Λ
mC,x
)
·
(
inf
x∈Λ
m′C,x
)
> 1.(8)
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The next useful result is a flow version of another one due to Newhouse in [21].
3.2. Proposition. [21, Proposition 1.3-cocycles version] A sufficient condition
for a differentiable cocycle At over a vector bundle with compact base Λ to have
a dominated splitting is that there is an t0 ∈ R+ such that At0 has a strongly
dominated cone field over Λ.
Now, we are able to give the demonstration of our main theorem.
Proof of Theorem 1.5.
Let TΛM = E⊕〈X〉⊕F a partially dominated splitting for Xt on Λ, i.e., there
are constants K > 0, 0 < λ < 1 such that
‖DXt|Ex‖ · ‖DX−t|FXt(x)‖ < Ke
−λt.
By making a change of coordinates, if necessary, we may consider that the
three subbundles are orthogonal between them. In fact, take some normalized
basis
{ei(x)}
l
i=1, u(x), {fj(x)}
k
j=1
of E, 〈X(x)〉 and F , respectively. Hence, any vector z ∈ TxM can be written as
z =
l∑
i=1
αi(x)ei(x) + γ(x)u(x) +
k∑
j=1
βj(x)fj(x),
with αi(x), γ(x), βj(x) ∈ R, dimE = l, dimF = k and l + k + 1 = dim(TxM).
Now, we define a new inner product [·, ·] given by
[z1, z2] =
l∑
i=1
αi(x) + γ(x) +
k∑
j=1
βj(x),
where
z1 = α1,i(x)ei(x) + γ1(x)u+
k∑
j=1
β1,j(x)fj(x)
and
z1 = α2,i(x)ei(x) + γ2(x)u+
k∑
j=1
β2,j(x)fj(x).
So, in the induced metric by [·, ·], which we denote | · |, we have
|z|2 =
l∑
i=1
(αi(x))
2 + (γ(x))2 + (
k∑
j=1
βj(x))
2
and ei(x), u(x), fj(x) are mutually orthogonal, i.e.,
[ei(x), fj(x)] = 0, [ei(x), u(x)] = 0 and [fj(x), u(x)] = 0, ∀i = 1, · · · l, j = 1, · · · , k.
Note that this process is continuous with respect to x ∈M , because the splitting
E ⊕ 〈X〉 ⊕ F is continuous.
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Thus, as we only replace the initial metric for an equivalent one, with the same
continuous invariant subspaces of TxM for all x ∈M , we may consider E ⊕ F as
the normal bundle of 〈X〉, NX , and by writing E = N−Λ , F = N
+
Λ we obtain a
dominated splitting
NX = N−Λ ⊕N
+
Λ ,
for PXt .
Conversely, suppose that there exists a dominated splitting NX = N−Λ ⊕ N
+
Λ
for PXt . We need reconstruct the subspaces of partially dominated splitting from
its correspondent projections on T˜ΛM .
Define the the following subbundles:
AΛ := N
−
Λ + 〈X〉 and BΛ := 〈X〉+N
−
Λ ,
over Λ.
1. Claim. The subbundles AΛ and BΛ are DXt-invariant.
Indeed, by following [5, Lemma 2.5], take x ∈ Λ and vx ∈ Ax, so there is a
unique v−x ∈ N
−
x such that vx − v
−
x ∈ 〈X(x)〉. As 〈X(x)〉 is DXt-invariant, for
t ∈ R, so
DXt(x)vx −DXt(x)v
−
x ∈ 〈X(Xt(x))〉.
Hence, ΠXt(x)DXt(x)vx = Pt(x)v
−
x and, from this, we have
ΠXt(x)DXt(x)vx ∈ N
−
Xt(x)
,
once N−Λ is Pt-invariant.
Since, by definition of the orthogonal projection, DXt(x)vx−ΠXt(x)DXt(x)vx ∈
〈X(x)〉, we obtain,
DXt(x)vx ∈ N
−
Xt(x)
+ 〈X(Xt(x))〉 = AXt(x),
so, AΛ is DXt-invariant. Analogously for BΛ. Thus, we have proved the claim.
Now, since Λ is non-singular and compact, we can take cone fields around
N−Λ and N
+
Λ which are, respectively, complementary to 〈X〉 obtaining two com-
plementary subbundles to TΛM \ 〈X〉, E˜ and F˜ for which hold the domination
condition.
We get the above mentioned by using a flow version of Newhouse’s result.
In fact, take a cone C+x with core N
+
x in TˆxM := TxM/〈X〉. Note that,
because 〈X〉 is a DXt-invariant subspace, we have its complementary in TxM
is also invariant. So, we can take cones into this complementary subspace and
consider if we have strongly domination there. We affirm that DXt(x) is strongly
dominating on C+x into TΛM \ 〈X〉.
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Indeed, because the domination condition onN−Λ andN
+
Λ for the linear Poincare´
flow Pt, we must have, for some T0 > 0,(
inf
x∈Λ
mC+x ,x(DXT0)
)
·
(
inf
x∈Λ
m′C+x ,x(DXT0)
)
≥
(
inf
x∈Λ
mC+x ,x(PT0)
)
·
(
inf
x∈Λ
m′C+x ,x(PT0)
)
> 1.
Look that the first inequality is also true: by definition, Pt = Π ◦ DXt and
‖Π‖ = 1, so
‖Ptv‖ = ‖Π ◦DXtv‖ ≤ ‖Π‖ · ‖DXtv‖ = ‖DXtv‖.
We also note that, for a fixed t > 0, the limit subspace
C+n = ∩n≥0DX−nt(X−nt(x))(C
+
X
−nt(x)
), n ∈ N,
is DXt-invariant. Moreover, it cannot contain the flow direction, otherwise we
must have
DXnt(C
+
n (x)) =
DXnt
[
∩n≥0 DX−nt(X−nt(x))(C
+
X
−nt(x)
)
]
⊂
∩n≥0DXnt(DX−nt(X−nt(x))(C
+
X
−nt(x)
)) =
C+X
−nt(x)
⊂ N−X
−nt(x)
⊕N+X
−nt(x)
.
But, by invariance of 〈X〉 and because it is orthogonal to N− ⊕ N+, so there
exists a singularity. This contradiction shows that 〈X(x)〉 * C+n (x). And, finally,
our claim is true.
So, by Proposition 3.2, we obtain a dominated splitting E˜ ⊕ F˜ for DXt over
TΛM \ 〈X〉.
Thus,
TΛM = E˜ ⊕ 〈X〉 ⊕ F˜ ,
is a partially dominated decomposition over Λ.

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